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Abstract 


In this paper, we introduce the lifting properties for the Boolean 
elements of bounded distributive lattices with respect to the congru- 
ences, filters and ideals, we establish how they relate to each other and 
to significant algebraic properties, and we determine important classes 
of bounded distributive lattices which satisfy these lifting properties. 
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1 Introduction 


Several kinds of lifting properties have been studied in rings and in resi- 
duated structures. In ring theory, the Lifting Idempotents Property (LIP) 
([21], [1], [6], [16]), which is the property that the idempotent elements can 
be lifted modulo every left (respectively right) ideal of a (unitary) ring, 
is closely related to clean rings and exchange rings (in the commutative 
case, rings with LIP coincide to clean rings and to exchange rings). It is 
well known that the idempotent elements of a commutative unitary ring R 
form a Boolean algebra, called the Boolean center of R. Properties similar 
to LIP have been studied in other algebras which have a Boolean center, 
namely residuated structures: MV-—algebras ({10]), BL—algebras ([9], [17]) 
and residuated lattices ({11], [18], [12], [7]); the property studied in these 
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algebras refers to the lifting of the Boolean elements modulo filters, and 
was called the Boolean Lifting Property (BLP). In [7], we have introduced 
a Boolean Lifting Property (BLP) modulo filters for bounded distributive 
lattices, we have studied the BLP for residuated lattices from the algebraic 
and the topological point of view, and we have proved that the BLP is 
transferrable, through the reticulation functor, between the class of residu- 
ated lattices and the class of bounded distributive lattices. This transfer 
through the reticulation, as well as the multitude of algebraic and topological 
properties the BLP is related to, has motivated us to pursue the study of 
the BLP for bounded distributive lattices, which we have initiated with 
the present article. Besides the properties which are similar in this case 
to those which appear in residuated lattices and their subclasses, due to 
the transfer we have mentioned, there are some differences between the 
situation that occurs in bounded distributive lattices and the one we had 
met in residuated structures, the first of which is the fact that the naturally 
occurring Boolean Lifting Properties with respect to filters and to ideals 
appear as particular cases of the BLP for congruences, so we have had to 
define a general notion of a BLP for an arbitrary class of congruences, from 
which all other Boolean Lifting Properties derive. Remarkable classes of 
bounded distributive lattices have turned out to have either the strongest 
version of the BLP, namely the one for all the congruences, or the BLP for 
filters or ideals: Boolean algebras, chains and arbitrary direct products of 
chains, B-normal, B-conormal, Filt—local and Id—local bounded distributive 
lattices. We intend to continue the research in this paper, both by extending 
this study for bounded distributive lattices and by applying the results we 
obtain here to residuated lattices and other algebras of non-classical logics. 
Furthermore, the study of the BLP for bounded distributive lattices, along 
with the possibility of transfer of the BLP through the reticulation, might 
allow us to connect the work concerning the BLP in the algebras of logic to 
that regarding the LIP in commutative rings. 


The present paper is structured as follows: the section of preliminaries 
below precedes two sections made of original work, with the only exception 
of the results cited from other papers and those provided with proofs, but 
pointed out as being previously known. In Section 3, we introduce the 
different Boolean Lifting Properties, provide algebraic characterizations for 
them and give examples of classes of bounded distributive lattices in which 
they are present. In Section 4, we prove that arbitrary direct products 
preserve the BLP, that the BLP for filters is equivalent to B-conormality, 
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and, when the Boolean center is trivial, but the lattice in question is not, also 
to Filt-locality; dually, the BLP for ideals is equivalent to B-normality, and, 
when the Boolean center is trivial and the bounded distributive lattice is 
non-trivial, also to Id—locality; these properties enable us to provide further 
examples of classes of bounded distributive lattices which satisfy the different 
kinds of BLP, and classes whose members do not satisfy these kinds of BLP. 


2 Preliminaries 


In this section we recall some definitions, notations and properties related 
to bounded distributive lattices that we shall use in the sequel. We refer the 
reader to [2], [3], [4], [13], [22] for a further study of the notions and results 
presented here. For the sake of completeness, we shall provide proofs for 
some of these results. 

Let N be set of the natural numbers and N* = N \ {0}. For any set M, 
we shall denote by Ay = {(a,x) | « € M}, and by Vy = M?. Throughout 
this paper, whenever there is no danger of confusion, algebraic structures 
will be designated by their underlying sets. Everywhere in this paper, unless 
mentioned otherwise, we shall be using these classical notations for the 
operations of a (bounded) lattice or a Boolean algebra: if L is a lattice, 
or a bounded lattice, or a Boolean algebra, then we denote the algebraic 
structure of L by (L,A,V), (£,A,V,0,1) or (L,A,V,7,0,1), respectively. 
Also, unless mentioned otherwise, the partial order of any of these kinds of 
structures will be denoted by <. If L is a poset or a bounded poset, then its 
algebraic structure will be denoted by (L,<) or (L,<,0,1), respectively. 

It is well known that complete lattices are bounded and, in particular, 
finite lattices are bounded. A bounded lattice is said to be trivial iff it has 
only one element, that is it has 0 = 1, and it is said to be non-trivial iff it 
has 0 # 1. It is well known that, if (Z,<) is a chain, then (Z, min, max) is a 
distributive lattice. 

The dual of a poset (Z,<) or a bounded poset (L,<,0,1) is the poset 
(L,>), respectively the bounded poset (L,>,1,0). The dual of a lattice 
(L,A,V), a bounded lattice (ZL, A, V,0,1) or a Boolean algebra (L, A, V,—7,0, 
1) is the lattice (L,V,/), the bounded lattice (Z,V,/A,1,0) or the Boolean 
algebra (L,V,/A,—7,1,0), respectively. Notice that, unlike the notions of a A— 
semilattice and a V-semilattice, each of the notions of a lattice, a distributive 
lattice, a bounded lattice and a Boolean algebra is dual to itself. 

Trivially, a surjective lattice morphism between two bounded lattices 
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is a bounded lattice morphism. If £; and L2 are lattices, then a function 
h: Ly > L¢ is called a lattice anti-morphism iff h is a lattice morphism 
between LZ; and the dual of Lz. h is called a lattice anti-isomorphism iff h 
is a lattice isomorphism between ZL; and the dual of L2; in this case, the 
lattices E, and Lz are said to be anti-isomorphic. The same goes if DL; and 
Ly are bounded lattices, respectively Boolean algebras. 

Throughout the rest of this section, unless mentioned otherwise, L will 
be an arbitrary bounded distributive lattice. 

The Boolean center of L will be denoted by B(L); the elements of B(L) 
are called Boolean elements of L. We recall that B(L) is, by definition, the set 
of the complemented elements of L, and that 6(L) is a bounded sublattice of 
L, and thus a Boolean algebra. Trivially, L is a Boolean algebra iff B(L) = L. 
Just as for any Boolean algebra, the complement of any e € B(L) will be 
denoted by —e. It is straightforward that, for all x € L and all e € B(L): 
xVe=1iffe >7e,andxAe=0 iff x < we. Clearly, if L is a bounded 
chain, then B(L) = {0, 1}. 

For any bounded distributive lattices L, and Lz and every bounded 
lattice morphism f : L; — La, the inclusion f(B(L1)) C B(L2) holds. Hence 
we can define B(f) : B(Li1) > B(L2), for all x € B(L1), B(f)(x) = f(z). 
Then, obviously, B(f) is a Boolean morphism, and 6 becomes a covariant 
functor from the category of bounded distributive lattices to the category of 
Boolean algebras. Clearly, this also holds for bounded lattice anti-morphisms, 
since the notion of complement is dual to itself and thus the notion of Boolean 
center is dual to itself. If h : L, + Lz is a bounded lattice anti-morphism, 
then B(h) is a Boolean anti-morphism. 

A non-empty subset F' of L is called a filter of L iff, for any x,y € L: 
ifz,ye F,thenxAye F; 
ifee Fanda<y,thenye F. 

A non-empty subset J of L is called an ideal of L iff, for any x,y € L: 
ifz,yel,thenzVy ET; 
ifeelTanda>y, then y € I. 

Clearly, the notion of ideal is dual to that of filter, that is the ideals of 
L are the filters of the dual of L, and the filters of L are the ideals of the 
dual of L. 

The set of the filters of Z will be denoted by Filt(L), and the set of the 
ideals of L will be denoted by Id(L). {1} is the smallest element of Filt(L), 
and L is the largest element of Filt(Z), with respect to set inclusion. {1} is 
called the trivial filter, and L is called the improper filter of L. Any filter 
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having at least two different elements is called a non-trivial filter, and any 
filter which is a proper subset of L is called a proper filter of L. Clearly, 
a filter of L is proper iff it does not contain 0. Dually, {0} is the smallest 
element of Id(L), and L is the largest element of Id(L), with respect to 
set inclusion. {0} is called the trivial ideal, and L is called the improper 
ideal of L. Any ideal having at least two different elements is called a 
non-trivial ideal, and any ideal which is a proper subset of L is called a 
proper ideal of L. An ideal of L is proper iff it does not contain 1. Clearly, 
Filt(L) nN Id(L) = {DL}. 

A congruence of E is an equivalence on L which preserves A and V, that 
is an equivalence ~ on the set L with the property that, for all x,y, x’, y! € L 
such that 2 ~ 2’ and y ~ 7/, it follows that rAv’ ~ yAy! andxrVa'~yVy'. 
The set of the congruences of L will be denoted by Con(L). Az is the 
smallest element of Con(L), and Vz is the largest element of Con(L), with 
respect to set inclusion. Clearly, the notion of congruence is dual to itself, 
that is the congruences of L coincide to the congruences of the dual of L. 


The intersection of any family of filters of L is a filter of L. Hence, for 
every X C L, there exists the smallest filter of L (with respect to C) which 
includes X; this filter is denoted by [X) and called the filter of L generated by 
X. For every a € L, [{a}) is denoted, simply, by [a), and called the principal 
filter generated by a. It is immediate that [0) = {1} and, for all @ A X CL, 
[X) ={x# EL | (an € N*) (S4,...,¢n € X) (41 A... Aan < x)}. Hence, 
for alae L, [a)={xEL|a< 2}; thus: [a) = {1} iffa =1, and [a)=L 
iff a = 0. Notice, additionally, that {@) = [1) and, for all n € N* and all 
L1,---,Un EL, [{r1,...,%n}) = [v1 A... An); so every finitely generated 
filter (that is filter generated by a finite subset of L) is a principal filter; in 
particular, if L is finite, then Filt(Z) = PFilt(L). 

Dually, the same goes for ideals. For every X C L, the ideal generated 
by X is denoted by (X], and, for every a € L, the principal ideal generated 
by a is denoted by (a]. (@] = {0} and, for all @ A X CL, (X)={re 
b| Give N) Gai3-35tn 2X) View a, 2S ah. For alla-e £, 
(a] ={x € L | a> zz}; (a] = {0} iffa =0, and (e] = Liffa=1. (] = (0] 
and, forall 7-€ N* and all 44,0 .:50,6 DL, Geiss oat] = (er Vas V Wal; 
so every finitely generated ideal is a principal ideal; in particular, if D is 
finite, then Id(L) = PId(ZL). 

This also holds for congruences: the intersection of any family of 
congruences of L is a congruence of L. For every Y C L?, the smallest 
congruence of LZ which includes Y is denoted by Cg(Y) and called the 
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congruence of L generated by Y. For any a,b € L, Cg({(a,b)}) is denoted, 
simply, by Cg(a,b), and called the principal congruence of L generated by 
(a,b) € L?; according to [4], for all x,y € L, (x,y) € Cg(a,b) iff VaVb= 
yVaVbandrAa\b=yAanb. Clearly, for all a € L, Cg(a,a) = Ar, 
because each congruence is reflexive. Whenever the lattice ZL needs to be 
specified, for all Y C L? and all a,b € L, we shall denote Cg, (Y) and 
Cgz,(a, 6) instead of C'g(Y) and Cg(a,b), respectively. 

If F and G are filters of ZL, then we shall denote by F V G = [F UG). 
It is straightforward that, for any F,G € Filt(L), FVG={aeEL| (Are 
F) (sy € G) (xAy < a)}. More generally, if (Fi)rer is a family of filters of L, 
then we denote by VV F,= [U F,). Dually, if I, J € Id(L), then we denote 

teT teT 

IVJ=(1U J]. For any I,J €Id(L), TVJ={aeLl| Arel aye 
J) («Vy > a)}. If (e)ter C Id(L), then we denote VV i= (UJ I,]. The same 


tcT teT 
goes for congruences: if ~,=¢€ Con(L), then we denote ~ V == Cg(~ US), 


and, if (@:)ter C Con(L), then we denote VV i, = Co((J 6). With the 
teT 


teT 
operations defined as above, (Filt(Z),,V, {1}, Z), (Id(Z),m,V, {0}, ZL) and 
(Con(L),N,V, Az, Vz) become bounded distributive lattices, with partial 
order C; moreover, each of them is a complete lattice. We shall denote 
by PFilt(Z) the set of the principal filters of ZL, and by PId(L) the set 
of the principal ideals of L. Clearly, for all a,b € L: [a) V [b) = [a A 5), 
(a) |b) = [a Vb), (al V(b] = (aV 8], (a]N(b] = (aA 5] and we have seen, above, 
that [1) = {1}, [(0) = Z, (0) = {0} and (1] = L, hence PFilt(L) is a bounded 
sublattice of Filt(Z) and PId(L) is a bounded sublattice of Id(L). Moreover, 
L is anti-isomorphic to PFilt(L), and isomorphic to PId(L); indeed, if we 
define f : L > PFilt(L) and g: L > Pld(L) by: for all a € L, f(a) = [a) 
and g(a) = (aj, then f is a bounded lattice anti-isomorphism, and g is 
a bounded lattice isomorphism. In particular, the bounded (distributive) 
lattices PFilt(Z) and PId(L) are anti-isomorphic; this is not the case for 
Filt(Z) and Id(Z), which are not even always in bijection (take, for instance, 
the bounded distributive lattice (N, gcd,lcem,|,1,0) of the set of natural 
numbers ordered by the relation “divides“; it can be easily verified that 
this lattice has all filters principal, which means that its set of filters is 
countable, while its set of ideals in is bijection to the set of the subsets 
of N). Furthermore, if we apply the functor B to f and g, we get the 
Boolean anti-isomorphism 6(f) : B(L) > B(PFilt(L)) and the Boolean 
isomorphism B(g) : B(L) > B(PId(L)); in particular, B(f) and B(g) are 
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bijections, hence B(PFilt(L)) = B(f)(B(L)) = f(B(L)) = {[e) | e € B(L)} 
and 6(PId(L)) = B(g)(B(L)) = g(B(L)) = {(e] | e € B(L)}. Clearly, for all 
a € L, ({a),A,V,a,1) and ((a],A,V,0,a) are bounded distributive lattices 
and sublattices of L. It is straightforward and well known that, for all 
e € B(L), the bounded distributive lattice L is isomorphic to each of the 
direct products [e) x [=e) and (e] x (-e]. 

Let ZL, and Lz be bounded distributive lattices and f : Ly — Lg bea 
bounded lattice morphism. Then, for every G € Filt(L2), f~'(G) € Filt(L,), 
and, dually, for every J € Id(L2), f~!(J) € Id(L1). If f is surjective, then 
we also have: for every F' € Filt(Z1), f(F’) € Filt(Z2), and, dually, for every 
I € Id(14), f(Z) € Id(L2). 

A proper filter P of LD is called a prime filter iff, for all x,y € JD, if 
zVy€P, then x € P ory € P. Dually, a proper ideal Q of L is called a 
prime ideal iff, for all x,y € L, ifx Ay € Q, then « € Q or y € Q. We shall 
denote the set of the prime filters of L by Specp;,(L), and the set of the 
prime ideals of L by Specyg(Z). 

A maximal element of the set of proper filters of Z (ordered by C) is 
called a maximal filter. Dually, a maximal element of the set of proper ideals 
of L is called a maximal ideal. We shall denote the set of the maximal filters 
of L by Maxpiy, (LZ), and the set of the maximal ideals of L by Maxyg(L). It 
is well known that any maximal filter of L is a prime filter of Z and, dually, 
any maximal ideal is a prime ideal. Thus: Maxpiy(L) C Specpy,(L) C 
Filt(Z) \ {LZ} and Maxyjq(L) C Specyg(L) C Id(L) \ {L}. It is an immediate 
consequence of Zorn‘s Lemma that any non-trivial bounded distributive 
lattice has maximal filters and maximal ideals and, moreover, if DL is non— 
trivial, then any proper filter of L is included in a maximal filter and any 
proper ideal of L is included in a maximal ideal. Thus, obviously, L has 
maximal filters iff L has proper filters iff {1} is a proper filter of DL iff L 
is non-trivial iff {0} is a proper ideal of L iff L has proper ideals iff L has 
maximal ideals. 


Proposition 1 [4] 
1. For every a,b € L, Cg(a,b) € B(Con(L)). Ifa < b, then aCg(a,b) = 
Cq(0,a) V Cg(b, 1). 
2. B(Con(L)) = {\f Cg(ai,bi) | n € N*, (Vi € Tn) (ai, bi € L)}. 
i=1 


3. Con(L) is a Boolean algebra iff L is finite. 
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It is well known that, to every filter F' of L, we can associate a congruence 
of L which we shall denote ~ 7, defined by: for all x,y € L, (a, y) €~ p iff 
xz/Aa= ya for some a € F’. Dually, to every ideal I of L, we can associate a 
congruence ~7 of L, defined by: for all x,y € L, (x,y) €~y iffaVa=yVa 
for some a € I. These notations pose no danger of confusion, because, as 
we have seen, the only subset of L which is both a filter and an ideal of L 
is L, and, clearly, the congruence ~,; associated to the filter DL coincides 
to the congruence ~y, associated to the ideal L, namely ~p= L? = V_. 
It is immediate that, for every a,x,y € L: (x,y) E~Ia) iff*#Aa=yAa; 


(x, y) E~(q] if Va=yVa. Hence er) Ar ~(0]=~ {0}: 
It is straightforward that, if (Li)ter is a are ar of bounded 


distributive lattices and L = ve Ly, then B(L =|[ 2 B(Li) = {etter | VEE 
teT teT 
T) (e¢ € BULz))}, Filt(L) = = {|| F. | (Vt € T)(F € Filt(Z,))}, Id(L) = 
teT 
{[]% | (Wt € T)(h € Id(Z,))} and Con(L) = {]]@% | (vt € T)(H € 
t€T t€T 


Con(L;))}, where we have denoted by A = {((at)ter, (biter) | (Vt € 


teT 
T) (at, bt) € 64)} for every family (@:)rer with 6; € Con(L;) for all t € T. 
Notice that, for any family (Fi)zer with F; € Filt(Z,) for all t € T, we have: 
i eo II at similarly, for any family (t)zer with I, € Id(L+) for 
teT 


allt € T, we have: ~ =|[~ 2 
“ I qt 
Ler t ie 


For every 6 € Con(L) and any a € L, we shall denote by a/@ the 
congruence class of a with respect to @. Also, for any X C L, we shall 
denote X/6 = {a/0 | ae xX}. Then L/@ = {a/@ | a € L} becomes a 
bounded distributive lattice, with the operations defined canonically. L/6 is 
called the quotient bounded (distributive) lattice of L with respect to 6. The 
canonical surjection pg : L + L/6, for all a € L, pg(a) = a/8, is a bounded 
lattice morphism. Thus pg is order—preserving, which means that, for all 
x,y Eel, ifa <y, then pg(x) < poly), that is 7/0 < y/0. Hence, if L isa 
chain, then so is L/0. It is straightforward that Con(L/0) = {= /0| =e 
Con(L),@ C=}, where, for every =€ Con(L) such that 6 C=, we denote by 
= /0 = {(a/0,b/0) | a,b € L, (a,b) €=}. 

Notice that a lattice congruence (that is a congruence defined as above) 
on a Boolean algebra is a Boolean algebra congruence; in other words, if L is 
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a Boolean algebra and @ is an equivalence on L which preserves A and V, then 
6 also preserves —. Indeed, let L be a Boolean algebra and @ be a (lattice) 
congruence on L; then, obviously, L/@ is a bounded distributive lattice; also, 
for every x € L, £/0A (72)/0 = (2 A72)/0 = 0/0 and z/@ V (=2)/6 = 
(x V a2)/0 = 1/0; hence L/@ is also complemented, thus it is a Boolean 
algebra, and, for every x € L, = (2/0) = (~2)/6; hence, if x,y € L such that 
(x,y) € 6, that is x/6 = y/0, then (-2)/0 = 7(2/60) = 7=(y/0) = (4 y)/8, 
hence (=2,-y) € 0, so 0 preserves —. 

If F € Filt(L), then we shall denote: for all a € L, by a/F =a/ ~p; 
for all X C L, by X/F = X/~p; thus L/F = L/ ~ fp, called the quotient 
bounded (distributive) lattice of L with respect to F; by pr = Pr pe? Lo 
L/F the canonical surjective bounded lattice morphism. If L is a chain, 
then L/F is a chain. Clearly, 1/F = F (F is one of the congruence classes 
of ~ 7). It is straightforward that Filt(L/F) = {G/F | G € Filt(L), F C G} 
and Maxpit (L/F) = {M/F | Me Maxgit (L), F Cc M}. 

Similarly, if J € Id(L), then we shall denote: for all a € L, by a/I = 
a/ ~7; for all X C L, by X/I = X/ ~7; thus L/I = L/ ~7, called the 
quotient bounded (distributive) lattice of L with respect to I; by py = Pry: 
L + L/I the canonical surjective bounded lattice morphism. If L is a chain, 
then L/I is a chain. 0/J =I (J is one of the congruence classes of ~ 7). We 
have: Id(L/I) = {J/I | J € Id(ZL),I C J} and Maxjg(L/I) ={N/I | Ne 
Maxya(L), IC N}. 

For every 9 € Con(L) and each X C L, we denote by X/0 = pg(X) = 
{z/6| x € X}. Also, for every F € Filt(L), every I € Id(L) and each X C L, 
we denote by X/F = {x/F' | « € X} and by X/I = {a/I | xe X}. 

For every a € L and each 6 € Con(ZL), we have: [a)/@ = [a/0) and, 
dually, (a]/@ = (a/6]; indeed, clearly [a)/@ C [a/0), while, if b € L such 
that b/@ € [a/0), then a/0 < b/0, thus b/6 = a/0 V b/6 = (aV b)/0 € [a)/0 
since a V b € [a). Consequently: for every a € L, each F € Filt(Z) and 
each I € Id(L), we have: [a)/F = [a/F), (a]/F = (a/F}, (a]/I = (a/I| and 
[a)/T = [a/2). 

Clearly, for any 6 € Con(Z) and any e € B(L), we have: e/6 € 
B(L/@), and s(e/@) = se/0 in the Boolean algebra B(L/0@). This is because 
e/0V 7e/6 = (eV ae)/0 = 1/6 and e/0 A 7e/6 = (eA 7e)/0 = 0/6. Hence 
B(L)/6 C B(L/6). 

We have the mappings F >+~p from Filt(L) to Con(L) and I >~ 7 
from Id(L) to Con(L); these mappings are injective, because, as mentioned 
above, if F € Filt(L), then 1/ ~p= 1/F = F, and, dually, if I € Id(L), 
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then 0/ ~7= 0/I = I. Also, to every congruence of L, we can associate 
a filter and an ideal of L: if 9 € Con(L), then it is immediate that 1/6 € 
Filt(L) and 0/0 € Id(L). Notice that none of these mappings is necessarily 
bijective. For instance, let L = {0,a,1} be the three-element chain, with 
0<a<_1; then L is a bounded distributive lattice. Since L is finite, we 
have Filt(L) = PFilt(L) = {{1}, [a), L} and Id(L) = PId(L) = {{0}, (a], L}. 
But the equivalences corresponding to the following four different partitions 
of L are congruences of L: P; = {{0}, {a}, {1}}, Po = {{0, a}, {1}}, Ps = 
{{0},{a,1}}, Py, = {L}; indeed, if we denote, for every i € 1,4, by 0; the 
equivalence which corresponds to P;, then 6; = Az, 42 =~(a) 3 =a) and 
64 = Vz, 80 91, 92, 03, 04 € Con(L), hence the cardinality of Con(Z) is strictly 
greater that of Filt(Z) and that of Id(Z), thus Con(ZL) is not in bijection to 
Filt(Z), nor to Id(Z). Furthermore, see in Example 6 a congruence which 
does not correspond to any filter, nor to any ideal, that is an element of 
Con(L)\ ({~p | F € Filt(L)}U{~y | I € Id(L)}). However, it is well 
known that, in the particular case when L is a Boolean algebra, the sets 
Con(L), Filt(Z) and Id(Z) are in bijection (actually pairwise isomorphic 
or anti-isomorphic as bounded distributive lattices), because the mapping 
6 — 1/0 from Con(L) to Filt(Z) is the inverse of the mapping F >~ p from 
Filt(L) to Con(L), and the mapping 0 + 0/6 from Con(ZL) to Id(Z) is the 
inverse of the mapping J +~ 7 from Id(L) to Con(L) (see above the fact 
that, in this particular case, Con(L) is exactly the set of the Boolean algebra 
congruences of L). 


3 Boolean Lifting Properties 


In this section, we introduce the different kinds of Boolean Lifting Properties 
which appear in bounded distributive lattices, we study their behaviour with 
respect to quotients and inverse images through surjective morphisms, and 
we provide several examples of classes of bounded distributive lattices in 
which these properties are present, as well as some concrete examples which 
show how these different Boolean Lifting Properties relate to each other. 

Throughout this section, unless mentioned otherwise, L will be an 
arbitrary bounded distributive lattice. 


Remark 1 Since the Boolean center of any bounded chain is {0,1}, it 
follows that any Boolean algebra with more than three elements is not a 
chain, and any chain with at least three elements is not a Boolean algebra. 
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Moreover, if (Lt)ter is a non-empty family of bounded chains and 
L= II Iz, then, since B(L) = II B(Lz), the following hold: 

teT teT 
(a) if Ly has cardinality at least 3 for some k € T, then L is not a Boolean 


algebra; 

(b) if at least two of the bounded chains in the family (Li)ter are non-trivial, 
then L is not a chain; 

(c) consequently, if, for some k,j € T such thatk #4 j, Ly has cardinality 
at least 3 and L; is non-trivial, then L is neither a chain, nor a Boolean 
algebra. 


Let us define the following functions: 
Filt(L) 
UL ®, 


Id(L) 
e for alla € L, uz(a) = [a) and vz (a) = (a]; 
e for all F € Filt(L), 6, (F) =~p; 
e for all F € Id(L), Ur) =~ 7. 


Clearly, wz is an injective bounded lattice anti-morphism and vy is an 
injective bounded lattice morphism. It is straightforward that ®; and Vz; 
are injective bounded lattice morphisms; as pointed out in Section 2, their 
injectivity follows from the fact that, for every filter F and any ideal I of L, 


1/F = F and 0/J =I; in the particular case when L is a Boolean algebra, 
® and W are bounded lattice isomorphisms. 


Remark 2 The form of the principal congruences and that of ~Ia) and 
~(a)’ along with Proposition 1, 1, show that, for alla € L: 


e ®;(uz(a)) = ig\= Cg(a, 1) € B(Con(L)); 
e U7 (vz(a)) =~(a]= C4g(0,a) € B(Con(L)); 


e &;(uz(a)) = 7WVz(vz(a)) 
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Lemma 1 For every F,G € Filt(L) such that F C G, we have: ~pCvg 
Dually, for every I, J € Id(L) such that IC J, we have: ~7o~ 7 and 


Proof: Let F and G be filters of Z such that F C G. Then, since ®; isa 
lattice morphism, it follows that ®(F) C ®(G), that is ~~C~q. Thus there 
exist SCR / ~pe Con(L/F). ~G)E= {(z/F,y/F)|a,yeL,(dae 
G) (t/F Aa/F = y/F Na/F)}; ~g / ~F= {(t/ ~py/ ~F) | BY © 
L,(z,y) E~G} = {(2/F,y/F) | x,y € L, (2,y) e~g} = {(2/Fy/F)|2,y € 
L, (da € G) (xAa = yAa)} C {(a/F,y/F) | 2,y € L, (da € G) (24/FAa/F = 
y/F Aa/F)} =~G/F- Now let x,y € L such that «/F,y/F ENG F that 
is there exists an a € G such that «/F Aa/F =y/F Aa/F. Then «/F = 
(aV(aAa))/F = 2/FV(2/FAa/F) = 2/FV(y/FAa/F) = («V(yAa))/F and, 
analogously, y/F = (yV(aAa))/F. Since (1V(yAa))Aa = (aAa)V(yAaAa) = 
(x Aa) V (yAa) = (yAa)V (a Aada) = (yV (xAa)) Aa, it follows that 
(2/F,y/F) = ((@V (yA a))/F,(yV (@ Aa))/F) €~g / ~p. Therefore we 
also have Gy ENG / ~p. Hence ~G/P="E /~P. 


=—— 


Lemma 2 /f F andG are filters of L, then the following are equivalent: 
1. FAG= {1} and FVG=L; 
2. there exists e € B(L) such that F = [e) and G = [7 e). 
Dually, if I and J are ideals of L, then the following are equivalent: 
e IN J={0} andIVJ=L; 


e there exists e € B(L) such that I = (e] and J = (7e]. 


Proof: 2=1: If F = [e) and G = [Ae) for some e € B(L), then FONG = 
lev nep=(D=] 41} snd FV G = lense) = (0) =z, 

1=2: FVG=Liff0e FVG iffeA f =0 for some e € F and f € G. Then 
eVfEeFNG= {1}, soev f =1. Hence e, f € B(L) and f = -7e. Also, 
le) C F and [7e) = [f) C G. Now let x € F; then xv f € FNG = {1}, so 
xV f =1, hencee =—f <x. Therefore x € [e), hence F' C [e). Therefore 
F = [e). Similarly, for every y € G, it follows that eV y € F VG = {1}, so 
eVy=1, hence f =e < y. Therefore y € [f), hence G C [f). Therefore 
G = [f) =[-e). 
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Corollary 1 1. B(Filt(L)) = {[e) | ee B(L)}; 
2. B(Id(L)) = {(e] | e € B(L)}. 


By applying the functor B to the previous diagram, we obtain the 
following Boolean morphisms: 
B(Filt(L)) 
Blut B(®,) 
B(L) B(Con(L)) 
Blur Br) 
B(Id(L)) 


Proposition 2.1. B(uz) is a Boolean anti-isomorphism. 
2. Buz) is a Boolean isomorphism; 


3. B(®,) and B(W_) are injective Boolean morphisms. 


Proof: 1 Since uz is a bounded lattice anti-morphism, it follows that 
B(uz) is a Boolean anti-morphism. The injectivity of uz and the definition 
of the functor B on morphisms prove that B(uz) is injective. Corollary 1, 1, 
shows that B(uz) is surjective. 
2 By duality, from 1. 
3 ®; and Wy, are bounded lattice morphisms, so 6(®z,) and B(V;) are 
Boolean morphisms. The fact that ®; and Vy are injective, along with the 
definition of the functor B, show that B(®z,) and B(W_) are injective. 
The previous results are known, but, for the sake of completeness, we 
have provided proofs for them. 
For all F € Filt(L), I € Id(L) and @ € Con(ZL), let us define the 


functions: 


e Op: Filt(L) > Filt(L/F), for all G € Filt(L), 6p (G) = (FV G)/F; 
e 67: Id(L) > Id(L/J), for all J € Id(L), 67(J) = LV J)/T; 
e dg : Con(L) + Con(L/6), for all =€ Con(L), d9(=) = (= Va)/0. 


We consider that the fact that, in the above, we can have F = I = L, 
produces no danger of confusion, since everywhere in the following it will be 
clear to which of the functions above we refer. 
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Remark 3 It is straightforward that, for all F € Filt(L), I € Id(L) and 
6 € Con(L), dp, 67 and dg are bounded lattice morphisms. 

For instance, in order to prove that dj is a bounded lattice mor- 
phism between the bounded distributive lattices (Filt(L),9,V,{1},L) and 
(Filt(L/F),9,V,{1/F},L/F), we may notice the following: dp({1}) = 
(FV {1}))/F = F/F = {1/F}, 6p(L) = (#V £L)/F = L/F, and, for 
all G, H € Filt(L), 6p (GV H) = (FVGVA)/F = ((FVG)V(FV4))/F = 
(FV G)/FV (FV H)/F = 67(G) V 6p(A) and, since the lattice Filt(L) is 
distributive, 6p (GN A) = (FV (GN 4A))/F = ((FVG)O(FV A))/F = 
(FV G)/FO(FV A)/F =6p(G)N 6p(A). 


Definition 1 e For every 6 € Con(L), we say that 6 has the Boolean 
Lifting Property (abbreviated BLP) iff, for alla € L such that a/@ € 
B(L/6), there exists e € B(L) such that a/6 = e/0. 


e For anyQ C Con(L), we say that L has the Q-Boolean Lifting Property 
(abbreviated Q-BLP) iff every 0 € Q has the BLP. 


e We say that L has the Boolean Lifting Property (abbreviated BLP) iff 
L has the Con(L)-BLP. 


e For every F € Filt(L), we say that F has the Boolean Lifting Property 
(abbreviated BLP) iff ~p has the BLP. 


e For every I € Id(L), we say that I has the Boolean Lifting Property 
(abbreviated BLP) iff ~7 has the BLP. 


e We say that L has the Filt-Boolean Lifting Property (abbreviated 
Filt-BLP) iff L has the ®;(Filt(L))—BLP. 


e We say that L has the Id—Boolean Lifting Property (abbreviated Id— 
BLP) iff L has the V;(Id(L))—BLP. 


Remark 4 e L has the BLP iff every 0 € Con(L) has BLP. 
e L has the Filt—BLP iff every F € Filt(L) has BLP. 


e L has the Id-BLP iff every I € Id(L) has BLP. 


Remark 5 As we have seen in Section 2, for any 0 € Con(L), B(L)/@ C 
B(L/0). Hence, for any F € Filt(L), B(L)/F C B(L/F), and, for any 
I €ld(L), B(L)/I C B(L/I). 
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For every 6 € Con(L), F € Filt(Z) and J € Id(Z), let us consider the 
Boolean morphisms: B(pg) : B(L) > B(L/0), Bipp) : B(L) > B(L/F), 
B(py) : B(L) > B(L/I). The images of these Boolean morphisms are: 
B(pg)(B(L)) = B(L)/0, Bipp)(B(L)) = BUL)/F, B(py)(B(L)) = B(L)/T. 


Remark 6 For all # € Con(L), F € Filt(L) and I € Id(L): 


e 6 has BLP iff, for alla € L, a/@ € B(L/@) implies a/6 € B(L)/0, 
iff B(L/0) C B(L)/6 iff B(L/0) = B(L)/@ iff the Boolean morphism 
B(pg) is surjective; 


e F has BLP iff, for alla € L, a/F € B(L/F) implies a/F € B(L)/F, 
iff B(L/F) C B(L)/F iff B(L/F) = B(L)/F iff the Boolean morphism 
B(pp) is surjective; 


e I has BLP iff, for alla € L, a/I € B(L/TI) implies a/I € B(L)/T, 
iff B(L/I) C B(L)/TI iff B(L/1) = B(L)/I iff the Boolean morphism 
B(py) is surjective. 


Remark 7 Clearly, if Q CG © C Con(L) and L has S—BLP, then L has 
Q-BLP. For instance, if L has BLP, then L has Filt-BLP and Id-BLP. 


Remark 8 It is clear that the properties Filt-BLP and Id—BLP are dual to 
each other: L has Filt—BLP iff the dual of L has Id—BLP. Also, clearly, the 
notion of BLP is dual to itself: L has BLP iff the dual of L has BLP. 


In what follows, we shall be using the previous remarks without refe- 
rencing them. Actually, throughout this paper, in most cases, remarks will 
be used without being referenced. 


Remark 9 Any Boolean algebra has BLP. Indeed, if L is a Boolean algebra, 
then B(L) = L, thus, for any 6 € Con(L), B(L)/0 = L/@ D B(L/6), so 6 
has BLP. 

Furthermore, by Remark 5, we get that B(L)/0 C B(L/0) and B(L)/@ D> 
B(L/0), so B(L/0) = B(L)/0 = L/0, thus L/@ is a Boolean algebra, as 
expected, since, in this particular case, @ is a Boolean algebra congruence. 


Proposition 3 For every F € Filt(L), the following are equivalent: 


1. F has BLP; 
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2. the Boolean morphism B(dj77) : B(Filt(L)) > B(Filt(L/F)) is surjec- 
tive. 


Dually, for every I € Id(L), the following are equivalent: 


e I has BLP; 
e the Boolean morphism B(67) : B(Id(L)) + BUId(L/I)) is surjective. 


Proof: The following diagram is commutative: 


p——L _. Filt(L) 


PE OF 
u 
L/P. rin E/P) 

Indeed, for all a € L, the following hold: up/ pF) = up /p(a/F) = 
[a/F) and dp(uyp(a)) = dp ([a)) = (la) V F)/F = [a)/F V F/F = [a)/F'V 
{1/F} = [a)/F = |a/F); hence UL /FOPF = Op our. 

By applying the functor 5, we obtain the following commutative dia- 


gram: 
B(L) 2). Brilt(1)) 


B(pp) Bop) 


Bu 
B(L/F) OLE B(Filt(L/F)) 


that is we get that: Blur Fp) o B(pr) = Blép) o Buy). According to 
Proposition 2, 1, B(uy,) and Blur /F) are bijections. Therefore B(pj7) is 


surjective iff B(d 77) is surjective, thus F' has BLP iff B(d7) is surjective. 


Corollary 2 L has Filt—BLP iff, for each F € Filt(L), B(dp) is surjective. 
Dually, L has \d-BLP iff, for each I € Id(L), B(dy7) ts surjective. 


Example 1 Here is an example of a filter without BLP. Let L be the bounded 
distributive lattice given by the following Hasse diagram: 


. 1fl6) 
rae a/l >b/lo) 
(I) offe) (Lilo) 
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The form of the congruence ~Ie) shows that: c/|c) = 1/|c) = [c), 0/[c) = 
{0} and (a, b) €~I0)) that is a/|c) 4 b/[c), hence a/[c) = {a} and b/|c) = {b}. 
Therefore L/|c) is the rhombus (the direct product between the two—element 
chain and itself), which is a Boolean algebra, so B(L/|c)) = L/|c). But, 
clearly, B(L) = {0,1}, thus B(L)/|c) = {0/[e), 1/le)} S L/le) = B(L/[e)), 
therefore the filter [c) does not have BLP. Consequently, L does not have 
Filt—BLP, hence it does not have BLP. 


Example 2 Here is an example of an ideal without BLP. Let L be the 
following bounded distributive lattice, which is the dual of the one from 
Example 1: 1 


By duality, from Example 1, we get that the ideal (c] does not have BLP 
in L. Hence L does not have Id—BLP, thus L does not have BLP. 


Example 3 In response to a question posed by the reviewer, let us provide 
an example of a filter without BLP such that the quotient bounded lattice 
through that filter is not a Boolean algebra. By dualizing this example, we 
shall get an ideal with the same property. 

Let L be the lattice with the Hasse diagram below, and let us consider 
the filter [a) of L: 


1 


Then: BOL) = {0,1}, a) =. ta, = a7 la). = 1/ a): and, ‘for alt 
a,B € L\ [a) witha # B, we havea < a and B < a, thusaAa = 
a#B=BAa, soa/[a) 4 B/[a), hence, for alla € L \ |a), a/[a) = {a}. 
Thus L/|a) = {x/|a) | « € L \ {a}} is the direct product between the three- 
element chain and itself, which is not a Boolean algebra, and has B(L/|a)| = 
{0/[a), 2/[a),u/[a),1/[a)} 2 {0/la), 1/[a)} = (0, 1}/la) = B(L)/la), there- 
fore |a) does not have BLP. 

Of course, in the dual of L, (a] is an ideal without BLP such that L/(a] 
is not a Boolean algebra. 
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Lemma 3 [15, Theorem 2.3, (iii)] For every 6 € Con(L) and all a,b € L, 
d9(Coz(a,b)) = (Cap (a,b) V 8)/8 = Caz j9(a/8, 6/8). 


Proposition 4 For each 6 € Con(L), the Boolean morphism B(dg) : 
B(Con(L)) + B(Con(L/0)) is surjective. 
Proof: Let =€ 6(Con(L/6)). Then, according to Proposition 1, 2, there 


exists n € N* and, for every i € 1,n, there exist aii, bi € L, such that 
nm 


== Vc IL/0 (a;/0,b;/0). Then, by Lemma 3, == 454 Caz (ai, b;)) = 


7=1 1=1 


n 
fol Cg (ai, 0i)). By Proposition 1, 1, for all i € I,n, Cop (ai,bi) € 


B(Con(L)), hence V Cgz,(a:,b:) € B(Con(L)). Therefore we have: == 
i=1 
B(dg)(\V Cgz,(ai, bi)) € B(dg)(B(Con(L))). Hence B(dg) is surjective. 
i=1 


Remark 10 A characterization similar to the one from Proposition 8 for 
filters and ideals does not hold for congruences: according to Proposition 4, 
B(og) is surjective for every congruence @ of L; but, obviously, not every 
congruence has BLP. Indeed, if F = |c) is the filter without BLP from 
Example 1, then the congruence ~j does not have BLP. Similarly, if I = (c| 
is the ideal without BLP from Example 2, then the congruence ~] does not 
have BLP. 


Corollary 3 If B(®;) is surjective, then L has Filt—BLP. 
Dually, if B(Wy) is surjective, then L has Id—BLP. 


Proof: Assume that B(®;) is surjective, and let F’ be an arbitrary filter 
of L. Then the following diagram is commutative: 


Filt(L) Con(L) 
o a 
Filt(L/F) PLE Con(L/F) 


Indeed, for all G € Filt(Z), the following hold, according to Lemma 1: 
bn (Op (G)) = On p(~G) = (~ RV ~G)/ ~F= (ELF) V O7(G))/O,F) 
= ®((FVG)/O,(F) =~rvG/~F=~(Rv QF oL/FUFVG@)/F) = 
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Brit(L)) oe). B(Con(L)) 
BSp) Re 
B(®y 1p) 


B(Filt(L/F)) —> B(Con(L/F)) 

By applying the functor B, we get the commutative diagram above, that 

is we obtain: B® pF) 0 B(dp) = Bon) 0 B(®z), which is a surjective 
Boolean morphism, since B(® 7) is surjective by the hypothesis and B(é~ PF) 
is surjective by Proposition 4. But, according to Proposition 2, 3, B27 /p) 
is injective. From this, it immediately follows that B(d 7) is surjective, hence 
F has BLP, by Proposition 3. Therefore L has Filt-BLP. 


Proposition 5 = 1. Let 6 € Con(L) such that B(L/0) = {0/0,1/0}. Then 
0 has BLP. 


2. Let F € Filt(L) such that B(L/F) = {0/F,1/F}. Then F has BLP. 
3. Let I € Id(L) such that B(L/I) = {0/I,1/I}. Then I has BLP. 


Proof: 1 {0,1} C B(L), thus B(L/6) = {0/0,1/0} C B(L)/@, hence @ has 
BLP. 2 and 3 follow from 1. 


Remark 11 The converse of Proposition 5 does not hold. Indeed, for ins- 
tance, let L be the cube (with the elements denoted as in the picture below), 
which is a Boolean algebra, thus it has BLP, which means that all of its 
congruences have BLP, so all of its patel and all of its ideals have BLP: 
K 
a 


os 


Also, all of its quotient lgiies ake Boolean algebras, hence, for all 
6 € Con(L), B(L/0) = L/0, thus, for all F € Filt(L) and all I € Id(L), 
B(L/I) = L/I. Now take, for instance, |x) = {x,1}. L/[x) is the rhombus, 
which has four elements, hence B(L/|{x)) = L/[x) 2 {0/[x),1/[x)}; but [a) 
has BLP in L. Similarly, if we take (c] = {0,c}, then L/(c] is the rhombus, 
hence B(L/(c]) = L/(c] 2 {0/(c], 1/(c]}; but (c] has BLP. Finally, ~[x) and 
~(d have BLP, but B(L/ ~[x)) =i) ~[e)= {0/{x),1/[x)} = {0/ ~Ix)? 
1/ ~[a)}> and the same goes for B(L/ ~(¢)- 
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Corollary 4 1. Let 0 € Con(L). If L/0 is a chain, then 0 has BLP. 
2. Any bounded chain has BLP. 


Proof: 1 If the bounded lattice L/6 is a chain, then B(L/0) = {0/0,1/0}, 
thus 6 has BLP by Proposition 5, 1. 

2 If L is a bounded chain, then, for every 6 € Con(L), the quotient lattice 
L/@ is a bounded chain as well, hence 9 has BLP by 1. Therefore L has 
BLP. 


Remark 12 Each of the results Remark 9 and Corollary 4 provides us with 
a class of counter-examples for the converse of the other one of these results: 
any bounded chain with at least three elements has BLP, and is not a Boolean 
algebra, and any Boolean algebra with more than three elements has BLP, 
and is not a chain. 


Proposition 6 1. A; and Vy have BLP. 

2. The filters {1} and L have BLP. 

3. The ideals {0} and L have BLP. 
Proof: 1 L/A, = {x#/Az | « € L} = {{x} | x € L}, which is isomorphic 
to L, since h: L + L/Az, for all x € L, h(x) = 2/Az = {x}, is a bounded 
lattice isomorphism. Hence B(L/Az) = {{x} | x € B(L)} = {x/Azr | xe 
B(L)} = B(L)/Az, thus A; has BLP. 

L/Vzi = {0/Vi} = {1/Vi} = {0/Vz,1/Vz}, hence B(L/Vz) = 
L/Vz = {0/Vz,1/V zr}, therefore Vz; has BLP by Proposition 5, 1. 
2 By 1 and the fact that i ®7({1}) = Az and ~p= ©; (L) = Ve. 
3 By 1 and the fact that AOL = V7 ({0}) = Ay and ~p= Up (L) = Vz, or 
simply by duality, from 2. 


Proposition 7 Any prime filter of L has BLP. 
Dually, any prime ideal of L has BLP. 


Proof: Let P bea prime filter of L, and let x € L such that x/P € B(L/P). 
Then there exists y € L such that 2/PV y/P =1/P and «/PAy/P =0/P. 
Then (a Vy)/P =1/P =P, thus Vy € P, hence x € P or y € P since P is 
a prime filter. If  € P, then ¢/P =1/P. If y € P, then y/P = 1/P, hence 
g/P=2/PA1/P=2/PAy/P =0/P. Since «/P is arbitrary in B(L/P), 
it follows that B(L/P) = {0/P,1/P}, hence P has BLP by Proposition 5, 2. 
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Corollary 5 Any maximal filter of L has BLP. 
Dually, any maximal ideal of L has BLP. 


Proposition 8 1. L has Filt—BLP iff, for all F € Filt(L), L/F has Filt— 
BLP. Moreover, for each F € Filt(L), we have: L/F has Filt—BLP iff, 
for all G € Filt(L) such that F C G, L/G has Filt-BLP. 


2. L has \d-BLP iff, for all I € Id(L), L/I has Id-BLP. Moreover, for 
each I € Id(L), we have: L/I has Id-BLP iff, for all J € Id(L) such 
that I C J, L/J has Id-BLP. 


3. L has BLP iff, for all @ € Con(L), L/@ has BLP. Moreover, for each 
6 € Con(L), we have: L/@ has BLP iff, for all ¢ € Con(L) such that 
6 C ¢, L/¢ has BLP. 


Proof: 1 Assume that L has Filt-BLP and let F' € Filt(Z). Then F' has 
BLP, so B(L/F) = B(L)/F. Now let us consider an arbitrary filter of L/F, 
that is let G € Filt(L) such that F’ C G, and let us prove that the filter 
G/F of L/F has BLP. According to the Second Isomorphism Theorem, the 
function h: L/G > (L/F)/ (G/F): for all x € L, h(«/G) = (t/F)/(G/F) 
is a bounded lattice isomorphism. Since LZ has Filt-BLP, it follows that 
G has BLP, that is B(L/G) = B(L)/G. Therefore BU(L/F))/(q/F) = 
((e/F)/(q/py | 2 € Ly2/F € B(L/F)} = {(2/F)/(qypy | ® € BUD} = 
th(2/G) | « © BIL)} = ABL)/G) = h(B(L/G)) = BUL/F)/(q/p)): 
hence G/F has BLP in L/F. Thus L/F has Filt-BLP. For the converse 
implication, just take F = {1}. 

The second statement follows from the above, the form of the filters of 
L/F and the fact that, according to the Second Isomorphism Theorem, for 
any G € Filt(Z) such that F' C G, the bounded lattice L/G is isomorphic to 
(L/F)/(Q/P): 

2 By duality, from 1. 
3 The argument is similar to the one from above 1, except filters are replaced 
by congruences. 


Remark 13 The lattice L in Example 2 has Filt-BLP, by Proposition 6, 2, 
Proposition 7 and the immediate fact that all proper filters of L are prime 
filters. Dually, the lattice L in Example 1 has Id—BLP. 


Remark 14 None of the properties Filt—BLP and Id—BLP implies the other. 
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Indeed, the bounded distributive lattice in Example 2 has Filt-BLP and 
it does not have Id—BLP. The one in Example 1 has Id—BLP and it does not 
have Filt—BLP. 


Example 4 Now let us see a bounded distributive lattice which has neither 
Filt-BLP, nor Id—BLP. Let L be the following bounded distributive lattice: 


1 
. 1[a) 
an o/la y/o 
Ci a fla) (1 /[a)) 


Clearly, B(L) = {0,1}. Let us consider the filter [a) = {a,z,t,1}. 
Then a/\a) = 2) la) — t/a) =-1/ (a) = |e) and ON e@ =] 0, aha = wv, 
yAa=y, thus 0/[a) = {0}, x/[a) = {x}, y/[a) = {y}. Hence L/[a) = 
{0/[a),x/[a), y/[a), 1/[a)} ts the rhombus, which is a Boolean algebra, thus 
B(L/[a)) = L/|a), so B(L)/|a) = {0/[a), 1/[a)}  L/|a) = B(L/[a)), hence 
[a) does not have BLP, therefore L does not have Filt-BLP. At this point, we 
can notice that, similarly, (a] does not have BLP, or we may simply notice 
that L is dual to itself, hence, since L does not have Filt—BLP, it follows 
that L does not have Id—BLP either. 


Until mentioned otherwise, let L,; and Ly be bounded distributive 
lattices and f : Ly — L2 be a bounded lattice morphism. For every @ € 
Con(L2), we shall denote by f~1(0) = {(a,y) | 2, y € Li, (f(a), f(y)) € Of. 
For every 2 C Con(L2), we shall denote by f~!(Q) = {f7!(@) | 0 € QO}. 


Remark 15 For any 0 € Con(Lz2), it is immediate that f~1(0) € Con(L}). 
Thus, for any Q C Con(L2), f~!(Q) C Con(L}). 
Clearly, if f is a bounded lattice isomorphism, then, for every 0 © 
Con(L2) and all x,y € Li, we have: (x,y) € f-1(0) iff (f(z), f(y) € 4. 


Until mentioned otherwise, assume that f is surjective. 


Proposition 9 1. Let 0 € Con(L2). If f~'(0) has BLP (in L,), then 0 
has BLP (in La). 


2. Let QC Con(L2). If Li has f~1(Q)-BLP, then Ly has Q-BLP. 
3. If Ly has f~!(Con(L))-BLP, then Lz has BLP. 
4. If Ly has BLP, then Lz has BLP. 
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Proof: 1 Assume that f~!(0) has BLP, and let y € Lg such that y/0 € 
B(L2/0). Then y/0V b/6 = 1/0 and y/@ A b/0 = 0/0 for some b € Lz. Since 
f is surjective, it follows that there exist x,a € L, such that f(x) = y and 
f(a) =b. Hence f(x)/0V f(a)/0 = 1/0 and f(x)/0A f(a)/@ = 0/6, that is 
(f(@) V f(a))/0 = 1/6 and (f(x) A f(a))/@ = 0/8, so f(a V a)/@ = 1/6 and 
f(a A a)/0 = 0/0, which means that (f(# V a),1) € 6 and (f(a A a),0) € 4, 
that is (f(x V a), f(1)) € 6 and (f(x Aa), f(0)) € @, thus (x Va, 1) € f71(0) 
and (a/Aa,0) € f~!(), which means that (ava)/f *() = 1/f-'(0) and (xA 
a)/f-*(8) = 0/f-'(8), so x/f-"(6 ee *(0) =1/f-*(@) and «/f~'(0) A 
a/f—'(0) = 0/f-*(0), therefore x/f—!(0) € B(Li/f—'(0)). But f—'(@) has 
BLP, hence x/f~!(0) € B(L1)/f71(0), that is x/f-'(0) = e/f-1(0) for 
some e € B(L1). Then, clearly, f(e) € B(L2), and (x,e) € f~'(6), thus 
(f(x), f(e)) € 6, that is f(x) /0 = f(e)/0 € B(L2)/0. Therefore B(L2/0) C 
B(L2)/0, which means that @ has BLP. 
2, 3, 4 follow from 1, 2, 3, respectively. 


Proposition 10 If f is a bounded lattice isomorphism, then: 


1. for every 8 € Con(L2), f-1(0) has BLP (in Ly) iff 9 has BLP (in Ly); 


2. for any Q C Con(L2), Ly has f~'(Q)-BLP iff Lz has Q-BLP. 


Proof: 1 Let 6 € Con(L2). By Proposition 9, 1, the direct implication 
holds. Now assume that 9 has BLP, and let x € L such that 2/f~'(0) € 
B(Li/f~*(0)). Then (xV a)/f~'(0) = x/f-*(8) Va/f-*(@) =1/f-*(@) and 
(2 A. a)/f—'(0) = x/f-'(0) A a/f-*(0) = 0/f-1(0) for some a € Ly. So 
(x V a,1) € f-+(0) and (x Aa,0) € f~1(@), hence (f(a V a), f(1)) € 6 and 
(f(aAa), f(0)) € @, that is (f(x) V f(a), 1) € 6 and (f(x) A f(a),0) € @, which 
means that f(x)/0V f(a)/0 = (f(x) V f(a))/0 = 1/6 and f(x)/0A f(a)/0 = 
(f(x) A f(a))/0 = 0/0, hence f(x)/0 € B(L2/0) = B(L2)/0, since 6 has 
BLP. Thus f(x)/@ = g/@ for some g € B(L2) = f(B(L1)), where the last 
equality is immediate from the fact that f is a bounded lattice isomorphism. 
Hence f(x)/0 = f(e)/@ for some e € B(L1), so (f(x), f(e)) € 0, thus 
(x,e) € f-'(0), that is /f—'(0) = e/f—!(0) € B(L1)/f71(0). Therefore 
B(L1/f~1(8)) C B(L1)/f-*(0), so f-'(@) has BLP. 
2 By 1. 

Trivially, if the lattices L; and L2 are isomorphic, then: L; has BLP, or 
Filt—-BLP, or Id—BLP iff Lp has BLP, or Filt-BLP, or Id—BLP, respectively. 
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Proposition 11 e For all G € Filt(L2), ea) f'(~@): if f is 
a bounded lattice isomorphism, then, for all G € Filt(L2), aay 
f-*(~@). 

e Dually, for all J € Id(L), egy fas if f is a bounded 
lattice isomorphism, then, for all J € Id(L2), liga fo(~7). 


Proof: Let z,y € Ly; such that (x,y) €~ fa) that istAa=yAa 


for some a € f~'(G), hence f(a) € G and ree bs f(xAa)=fiyr 
a) = f(y) A f(a ), thus (f(x), f(y)) €~q, so (2,y) € f-(~q@). Therefore 

ar eee: aS fl(n G). Now assume that f is ae and! let x,y € Ty 
such that (x,y) € f~'(~q@). Then (f(z), f(y)) €~@, which means that 
f(z) \b = f(y) Ab for some b € G. Since f is surjective, there exists 
a € I; such that f(a) = b. But b € G, thus a € f~!(G). Then we have 
f(x) A f(a) = fly) A f(a), so f(xAa) = f(yAa), hencerAa=yAa 
since f is injective. Therefore (2, y) E~ ¢-1Q): So f-l(~@) SY 5-1); 


Therefore SG) f-\(~@): 


Corollary 6 If f is a bounded lattice isomorphism, then: 
for all G € Filt(L2): f-'(G) has BLP (in L1) iff G has BLP (in Lz); 
dually, for all J € Id(L2): f-'(J) has BLP (in Ly) iff J has BLP (in Lz). 


Proof: By Proposition 11 and Proposition 10, 1, for any G € Filt(L2), we 
have: f~1(G) has BLP iff ~f-1(Q) has BLP iff f~'(~@) has BLP iff ~q 
has BLP iff G has BLP. 


Example 5 Here is a counter-example for the converse inclusions in Propo- 
sition 11, in the general case: let Ly and Ly be the bounded distributive 
lattices given by the next Hasse diagrams, and f : Ly > Lg be given by the 
following table: 
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Notice that f is a surjective bounded lattice morphism which is not 
injective. Let us consider the filter [y) = {y,1} of Lo. f~'([y)) ={¢,d,1} = 
[c). SinceeOANc=O0A4a=arc, we have (0,a) E~Te)=~ f(y): But 


f(0) = F(a) = 0, thus (f(0), f(a) = (0,0) €~fyy, 80 (0,0) € F*(~pp). 
Hence ayy E~ p-1([y)): Similarly, if we consider the ideal (x] of La, 


we get f-'((x]) = (b], and we obtain that fee) Eres ay 


Example 6 Now let us see an example of a bounded distributive lattice 
which has Filt-BLP and Id-BLP, but it does not have BLP, and, at the 
same time, an example of a congruence which does not correspond to a filter 
or an ideal. 

Let us consider the bounded distributive lattice L, from Example 5. This 
lattice is not a chain, nor a Boolean algebra, nor a direct product of chains 
(see Corollary 11). 

Since Li is finite, we have Filt(L,) = PFilt(L1). By Proposition 6, 2, 
the filters [0) = Ly and [1) = {1} have BLP. [a) € Maxp;(L1), thus [a) has 
BLP by Corollary 5. [b),{c) € Specpyy,(L1), thus [b) and [c) have BLP by 
Proposition 7. 


1/[d) 1/[b 
b/[d)< \»c/[d) ie 1/0 = {d,1} 
a/{d) a/|b) b/0 = WK c/8 = {c} 
0/{d) 0/(b) ee 
(Li/[d)) (Li/[0)] (L1/0) 


Notice that B(L1) = {0,1}, and let us consider the filter |d) = {d,1} 
of Li. We have: d/{d) = 1/|d) = [d) and each x € Ly \ [d) satisfies 
a Sd, these hd = 2.30.07 \d). = {0}, a/ ld). =] Ae)..b/ ld) =. {6)-ond 
c/|d) = {c}. Hence L,/|d) is isomorphic to the lattice in Example 2, thus 
B(L1/|d)) = {0/|d),1/[d)} = {0, 1}/[d) = BUL1)/|d), so |d) has BLP. 

Therefore Ly has Filt-BLP. Since Ly is dual to itself, it follows that Ly 
also has Id—BLP. 

Now let us denote by @ the equivalence which corresponds to the following 
partition of Ly: {{0, a}, {b}, {c}, {d, 1}}. It ts easy to see that, for all x,y,z € 
Ly such that (x,y) € 0, it follows that (x\z,yAz) € @ and (xV z,yVz) € 6; 
from this it is immediate that 0 € Con(L1). And L,/6 is the rhombus, which 
is a Boolean algebra, so B(L1/0) = 11/0 2 {0/6, 1/0} = {0,1} /0 = B(L1)/9, 
thus 0 does not have BLP. Hence L; does not have BLP. 

Notice, additionally, that the congruence @ does not correspond to any 
filter of Ly, nor to any ideal of L,, which can be derived from the fact that 
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In has Filt-BLP and Id-BLP, while 6 does not have BLP, but can also 
be observed directly: if there would exist F € Filt(L) such that 0 =~p, 
then we would have F = 1/ ~p= 1/0 = {d,1} = [d), so 0 =~la)i but 
OAdS0 47 a= and, so (0,4) €~1d): while 0/0 = a/0, so (0,a) € 0; we 
have obtained a contradiction; a similar proof can be given to the fact that 
the congruence @ does not correspond to any ideal of Ly. 


Remark 16 The following example shows that the converses of the state- 
ments from Proposition 9 do not hold, and, moreover, they do not even hold 
in the particular cases of Filt-BLP or Id—BLP instead of BLP. This example 
also shows that the version of statement 4 from Proposition 9 for Filt-BLP 
or Id—BLP instead of BLP does not hold either. 


Example 7 Let L1, Lo, L3, L4, Ls be the bounded distributive lattices with 
the following Hasse diagrams: 
1 


1 
d } d | x 
b C mY b G ip C-- @ Z t 
a 0 0 “ak Dy 
0 0 


(Li) (L2) (L3) (La) (Ls) 
So Ly is the lattice Ly in Example 5, Lz is the rhombus and Lz, La and 
Ls are the lattices in Examples 1, 2 and 4, respectively. 
Notice that the functions f : Ly > Lo, g: ly > L3, h: Ly > La, 
ik: D3 3 Lg, 1: L4 > Lo andm: Ls + Le, defined by the following tables, 
are surjective bounded lattice morphisms: 


goose 
PrPeaQare|a 
Bee ee ele 


And now let us notice that, although there exist surjective bounded lattice 
morphisms between these bounded distributive lattices, we have: 
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(a) as shown in Example 6, Li; does not have BLP, while Lz is the rhombus, 
which is a Boolean algebra, hence it has BLP; 

(b) Ls does not have Filt—BLP, while Lz has BLP and thus Filt-BLP; 

(c) La does not have Id—BLP, while Lz has BLP and thus Id-BLP; 

(d) as shown in Example 6, Li has Filt-BLP, while L3 does not have 
Filt-BLP; 

(e) as shown in Example 6, Ly has Id—BLP, while L4 does not have Id-BLP. 
(f) Ls has neither Filt-BLP, nor Id—BLP, while Lz is a Boolean algebra, 
thus it has BLP; this observation strengthens (a) above. 


4 Characterization Theorems for the Boolean Lift- 
ing Properties 


In this section, we prove that the Boolean Lifting Property for filters is equi- 
valent to B-conormality, and, when the Boolean center is the two—element 
chain, also to Filt—locality. Dually, the Boolean Lifting Property for ideals is 
equivalent to B-normality, and, when the Boolean center is the two—element 
chain, also to Id—locality. We also prove that the Boolean Lifting Properties 
are preserved by arbitrary direct products, and we provide a method for 
obtaining examples of bounded distributive lattices which have these Boolean 
Lifting Properties and examples without these properties. 

Throughout this section, unless mentioned otherwise, L will be an 
arbitrary bounded distributive lattice. 

We recall that L is said to be: 


e B-normal iff, for all x,y € L such that xVy = 1, there exist e, f € B(L) 
such thateA f=OandaxVe=yVf=1; 


e B-conormal iff, for all x,y € LD such that « A y = O, there exist 
e, f € B(L) such thate Vf =landrAe=yA f =0. 


Clearly, the notions of B—-normality and B-conormality are dual to each 
other, that is ZL is B—normal iff its dual is B—conormal. 


Lemma 4 L is B-normal iff, for all x,y € L such that x V y = 1, there 
exists e € B(L) such thatxa Ve=yV ae =1; 

Dually, L is B-conormal iff, for all x,y € L such that x \ y = 0, there 
exists e € B(L) such thatzx \e =yAn7e=0. 
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Proof: Assume that L is B-conormal, and let x,y € L such that xA y = 0. 
Then there exist e, f € B(L) such thateV f=landrAe=yAf =0. 
eV f =1 means that f >7e. HenceyA\ nae <yAf =O, thus yA ae = 0. 
The converse implication is trivial. 


Proposition 12 The following statements are equivalent: 


1. L has Filt—BLP; 

2. L is B-conormal; 

3. PFilt(L) is B-normal; 
4. PId(L) is B-conormal; 
5. Filt(L) is B-normal; 


6. Id(L) is B-conormal; 


n 


7. for alln € N* and all x1,...,%, € L such that /\ x; = 0, there exist 
i=1 


n 

€1,---,€n € B(L) such that \é = Oe.) &; = 1 jor allt,4 S17 
i=l 

with i# j, and x; < e; for allie 1,n. 


Dually: L has Id-BLP iff L is B-normal iff PId(L) is B-normal iff 
PFilt(L) 1s B-conormal iff Id(L) is B-normal iff Filt(L) is B-conormal 


iff: for alln € N* and all 7,...,¢%, € L such that VV x; = 1, there exist 
i=l 


n 
€1,---,€n € B(L) such that \V/ ei =1,eAe; =0 for alli,j € 1,n with 
i=1 
i#j, and x; > e; for alli € 1,n. 
Proof: 152: Let z,y € L such that x A y = O, and let us denote by 
F=([xvy). Then «/FAy/F = («A y)/F =0/F and, since xr Vy e€ F, 
g/FVy/F =(2Vy)/F =1/F. Thus 2/F,y/F € B(L/F) and y/F =72/F 
in the Boolean algebra B(L/F). But L has Filt-BLP, so F has BLP, thus 
B(L/F) = B(L)/F. Hence there exists e € B(L) such that «/F = e/F, that 
is (x, e) EVF=“Ir Vy)? which means that x= aA (x@Vy) =eA(rVy). 
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UF =] (wih) = aie PF) = se Fy thus (ye) E~F=“Ir Vy)? soy = 
y\(a2Vy) = aeA(aVy). We thus have the following: rA7e = eA(4aVy)A7e = 
eA\neA(aVy) = OA(aVy) = Oand yAe = AeA(aVy)Ae = meAeA(rVy) = 
OA (aV y) =0. By Lemma 4, it follows that L is B-conormal. 


2=>1: Let F € Filt(Z) and x € L such that «/F € B(L/F), hence x/F V 
y/F = 1/F and «/F Ay/F = 0/F for some y € L. So (x@A y)/F = 
0/F, which means that (@ A y,0) €~p, that is there exists t € F such 
that cA yAt =OAt = 0. Hence (x At) A (y At) = 0, so, since L 
is B-conormal, by Lemma 4, it follows that there exists e € B(L) such 
that rAtAe =yAtAne=0. t € F, so t/F = 1/F. Therefore 
g/FANe/F=2/FA1/FAe/F =2/FAt/F Ae/F = (2£AtAe)/F =0/F and 
y/FNne/F =y/FAL/FAne/F =y/FAt/FAne/F = (yAt\re)/F =0/F. 
Hence «/FVe/F=2/FVe/FV0/F =2/FVe/FV (y/FAn7e/F) = (4/FV 
e/FVy/F)\(a/FVe/FV7e/F) = (a/FVe/FVy/F)\(a/FVe/FV7e/F) = 
(c/FVy/FVe/F)A(a/FV1I/F)=(0/FVe/F)A1L/F=1/FA1/F =1/F. 
We have obtained that #/F' Ae/F =0/F and «/FVe/F =1/F, which means 
that 7/F = 4(e/F) = 7e/F € B(L)/F. Therefore B(L/F) C B(L)/F, so 
F has BLP. Hence L has Filt-BLP. 


2=7: We shall apply induction on n € N*. For n = 1, the statement is 
trivial: for z =0 € L, if we take e = 0 € B(L), then x < e. Now assume that 


the statement is valid for an n € N* and let us consider 71,...,%n,%n41 € D 
n+1 n 


such that /\\ x; = 0. Let us denote by x = \ a;. Then «A ay41 = 0, hence, 
i=l i=1 
since L is B-conormal, by Lemma 4, it follows that there exists an e € B(L) 
n n 


such that xA\e = @n41A\7e =0. Thus0=zAe= \ rjAe= /|\(aide). By 
i=1 i=1 
the induction hypothesis, it follows that there exist fi,..., fn € B(L) such 
n 


that NESS, fi V fj =1 for all i,j € 1,n with i Fj, and a; Ae < f; for 
i=l 

alli €1,n. The fact that rp41 Ae = 0 is equivalent to tp41 <47e =e. 
For allic ijn, xa; ANeAnfi < fp Af; = 0, so x; Ae A-7f; = 0, which is 
equivalent to x; < ~(eA7f;) =7aeViAaf, =7eV fj. For alli € 1,7, let 
e; = 7eV f; € B(L), and let en41; = e. Then, for alli € 1jn+1, a; < G&. 
n+1 n n n 

A G= | cident = A\CevfiAe= (meV ((\ fi) Ae= (neV0)Ae= 
i=1 i=1 _i=l i=l 

aeAe = 0. For allt € 1,n, e;Veny1 = aeVfiVe = neVeVf; = 1Vf; = 1. For 
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alli,j El,nwithi#j,eVe; =7eVfiVreV fj =reVfiV fj =7eV1=1. 
Hence the statement is valid for all n € N*. 
7=2: Let x,y € L such that x A y = 0. Then, by the statement applied for 
n = 2, we get that there exist e, f € B(L) such that eA f =0,eV f =1, 
x<eandy < f. Then f = 7e, so we have: x < e and y < 7e, hence 
z\7ne=yAe=O0, thus L is B-conormal by Lemma 4. 
23: By the fact that the bounded distributive lattices L and PFilt(L) are 
anti-isomorphic. 
2<4: By the fact that the bounded distributive lattices L and PId(L) are 
isomorphic. 
2=>5: Let F,G € Filt(L) such that F V G = L, thus x A y = 0 for some 
x € F andy €G. Since L is B-conormal, we get that there exist e, f € B(L) 
such that eV f=1landrA\e=yA f =0. Then [e),|f) € B(Filt(L)) by 
Corollary 1, 1, [e) N[f) = [eV f) = [1) = {1} and [s) v [e) = [x Ae) = [0) = 
L= (0) =[yA f) = ly) V [f), hence F'v [e) = GV [f) = L since [x) C F and 
[y) C G. Therefore Filt(L) is B-normal. 
5=>2: Let z,y € L such that x A y = 0, so [z) V ly) = [x Ay) = [0) = L. 
Since Filt(Z) is B-normal, it follows that there exist F,G € B(Filt(L)) 
such that FG = {1} and [x) V F = [y) VG = L. By Corollary 1, 1, it 
follows that there exist e, f € B(L) such that F' = [e) and G = [f). Hence 
lev f) =[e) OIF) = {1} and [2 Ae) = |x) v [e) = L = ly) V[f) = ly A f), so 
eV f=landzxAe=yA f =0. Therefore L is B-conormal. 
46: By duality, from the equivalence between 3 and 5. 


Corollary 7 The following statements are equivalent: 


e L has Filt-BLP and Id-—BLP; 


e L is both B-normal and B-conormal. 
Corollary 8 If L has BLP, then L is both B-normal and B-conormal. 


Corollary 9 Let us consider the bounded distributive lattices L, PFilt(L), 
PId(L), Filt(L) and Id(L). 


e If either of these lattices is both B-normal and B-conormal, then each 
of these lattices is both B-normal and B-conormal. 


e If either of these lattices has BLP, then each of these lattices is both 
B-normal and B-conormal. 
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Corollary 10 L has Filt—BLP iff PFilt(L) has Id—BLP iff PId(L) has Filt— 
BLP iff Filt(L) has ld-BLP iff 1d(L) has Filt-BLP. 

Dually, L has \d—BLP iff Pld(L) has Id—BLP iff PFilt(L) has Filt—BLP 
iff lId(L) has Id-BLP iff Filt(L) has Filt-BLP. 


Remark 17 In view of Corollary 10, it becomes natural to investigate the 
relation between the presence of the different Boolean Lifting Properties in L 
and their presence in Con(L). In this case, however, we find that correlations 
similar to those in Corollary 10 do not exist. 

For instance, according to Proposition 1, 3, if L is finite, then Con(L) 
is a Boolean algebra, thus Con(L) has BLP. But, in Examples 1, 2, 3 and 6, 
we have finite distributive lattices without BLP. Moreover, in Example 4, we 
have a finite distributive lattice which has neither Filt-BLP, nor Id—BLP. 


Proposition 13 Let (Li)er be a non-empty family of bounded distributive 


lattices and L = II Iy. Then: 
teT 


e L has Filt-BLP iff, for allt € T, Ly has Filt—BLP; 


e dually, L has Id—BLP iff, for allt ¢ T, L, has Id—BLP. 


Proof: According to Proposition 12, it suffices to show that: D is B- 
conormal iff, for all t € 7, Ly is B—-conormal. 

Assume that, for all t € 7, Ly is B-conormal, and let x,y € L such 
that x Ay =0. Then x = (az )ter, y = (ys)ter, with x, y € L; for all t € T, 
and (O)ter =O=2Ay= (Lt)ter A (Y)ter = (tA Ye)ter, thus x A yr = 0 
for allt € T. Since each L; is B-conormal, it follows that, for all t € T, 
there exist e, f; € B(L,) such that e, V fp = 1 and a, Ae; = y% A f, = 0. Let 
e= (€r)ter E B(L) and f = (filter € B(L). Then eVf = (eveer V (ft)ter = 
(eeV filter = Ajter = 1, rAe = (ae)ter A (Er)ter = (1 Aer)ter = (O)ter = 0 
and y /\ f => (yt )ter x (fiter => (UY x filter = (O)ter = 0. Therefore L is 
B-conormal. 

Now assume that DL is B-conormal and let k € J, arbitrary. Let 
Lk, Ye € Ly such that x, A yp = 0. For every t € T\ {k}, let a, = y =O€ Li, 
and let « = (at)ter € LD and y = (y%)ter € L. Then, for all t € T, 
rz Ay=0,sorAy = (at)ter A (Mdter = (te A Y)ter = (O)ter = 0. But 
L is B-conormal, thus there exist e, f € B(L) such that eV f = 1 and 
zr\e=yAf =0. Then e = (ez:)ter and f = (fi)ter, with ex, f, € B(Lt) 
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for allt ¢ T. Also, (et V fi)ser = (et)ter V (filter =e V f =1 = (ter, 
(xz A ee)teer = (Xt)ter A (etter = TAC = 0 = (O)ter and (yA filter = 
(udeer A (fileer =yN\ f =0 = (O)ter. Thus eg, fy € B(Lx), ex V fe = 1 and 
LE A ee = ye A fy = 0. Therefore Ly, is B—conormal. 

Proposition 13 does hold for congruences, and it also holds for individual 
congruences, filters and ideals, but, in these cases, it needs a different proof. 


Proposition 14 Let (Li)er be a non-empty family of bounded distributive 
lattices, L = [| % for allt € T, & € Con(Ly), Fy € Filt(Z,) and I, € 


teT 
Id(Ii), 0 = II 1, F = II F, and I= II I,. Then the following hold: 
teT teT teT 


1. 0 has BLP (in L) iff, for allt © T, & has BLP (in Lt); 
2. F has BLP (in L) iff, for allt © T, Fy has BLP (in Lt); 
3. I has BLP (in L) iff, for allt © T, I, has BLP (in Ly). 


Proof: 1 First let us prove the converse implication, so assume that, for 
allt € T, the 0 has BLP, that is B(L/6,) = B(L)/@. Let a € L such that 
a/@ € B(L/@). Then (aV b)/0 = a/0Vb/0 = 1/0 and (aAb)/0 = a/0Ab/0 = 
0/0 for some 6 € L. So (aV 6,1) € 6 and (aA b,0) € @. Let a = (ae)ter 
and 6 = (biter, with a,b; € LZ, for allt € T. Then aVb= (at V bi)ter; 
aN b = (a: A bi)ter and, of course, 1 = (1)ter and 0 = (0)ter. Thus, 
for all t € T, (a¢ V b,1) € O& and (a; A &,0) € 6, which means that 
az/O4V by /O¢ = (azV bt) /O4 = 1/0; and ar/ 04 b; /O¢ = (azA bz) /O4 = 0/0:, hence 
ar/O, € B(Lt/0¢) = B(Lt) /0: since 6; has BLP, so there exists e, € B(Lt) such 
that ar/O4 = 1/04. Let e = (€r)ter E [[ 80 => B({] Lt) = B(L). Then 
teT teT 
(a,e) = ((at)ter, (et)ter) € [| & = 0, so a/@0 = e/6 € B(L)/@. Therefore 


teT 
B(L/@) C B(L)/@, thus 6 has BLP. 

And now let us prove the direct implication, so assume that 6 has BLP, 
and let k € T. Let ag, € Ly such that az,/0, € B(Ly,/0,), thus (ag V by) /Ox = 
ar/ Or V bp /O = 1/0, and (ax x br) /Ox = ar/ Or A bp / Pk = 0/O for some 
by € Ly. Hence (ax V bg, 1) € A, and (az A bg, 0) € Op. Let a = (ae )ter € L 
and b = (y:)rer € L, with xy = ag € Ly, ye = by € Ly and, for allt € T\ {k}, 
Ly OE Ty and Ut = le Ty. Then aVb= (x4 V ytteT; aN\b= (x4 /\ Yt)teT 
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and we have: (xz V yz, 1) = (ax V bg, 1) € On, (@E A YR, 9) = (az A bp, 9) € OR 

and, for allt € T\ {k}, (az V yz, 1) = (1,1) © & and (xe A yz, 0) = (0,0) € A, 

therefore (a V 6,1) € [| & = 6 and (aA b,0) € | % = 0, which means 

teT t€T 

that a/0 V b/@ = (aV b)/6 = 1/6 and a/6 A b/@ = (aA b)/0 = 0/8, hence 

a/@ € B(L/@) = B(L)/@ since 6 has BLP. So a/6 = e/0 for some e € B(L) = 

][ 8(40, which means that e = (e:)zer, with e; € B(L;) for all t € T, and 

teT 

we obtain: ((rz)rer, (ez)ter) = (a,e) CO = [| &. that is (x,e:) € 0, for 

teT 

all t € T, hence (az, ex) = (Xz, ex) € Ox, thus ax /O, = ex¢/O~ € B(LE)/Ox.- 

Therefore B(L,/0,) C B(Lr)/O%, so 0, has BLP. Hence we have obtained 

that, for allt € T, 6; has BLP. 

2 By 1 and the fact that ~p= II ~ FR, 
teT 

3 By 1 and the fact that ~y= II Spe 
teT 


Proposition 15 Let (Li)er be a non-empty family of bounded distributive 


lattices and L = || Ly. Then: L has BLP iff, for allt € T, Ly has BLP. 
teT 


Proof: By Proposition 14, 1, and the fact that Con(L) = {]] & | (VEE 
teT 


T) (0 € Con(L+))}. 
Notice, additionally, that Proposition 3, 1 and 2, follow from Proposition 
14, 2 and 8, respectively. 


Corollary 11 Any direct product of bounded chains has BLP. 


Proof: By Corollary 4, 2, and Proposition 15. 


Remark 18 Corollary 11 provides us with a class of examples of bounded 
distributive lattices with BLP which are neither chains, nor Boolean algebras: 
any direct product of at least two non-trivial bounded chains such that at 
least one of these bounded chains has at least three elements has BLP, but it 
is neither a chain, nor a Boolean algebra. For instance, the direct product 
between the three-element chain and itself is a bounded distributive lattice 
with BLP which is neither a chain, nor a Boolean algebra. 
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Corollary 12 Ife € B(L), then the following hold: 


1. L has Filt-BLP iff the lattices |e) and |[-e) have Filt—BLP iff the 
lattices (e] and (e] have Filt—BLP; 


2. L has \d-BLP iff the lattices [e) and |-e) have Id—BLP iff the lattices 
(e] and (-e] have Id-BLP; 


3. L has BLP iff the lattices |e) and |e) have BLP iff the lattices (e] 
and (7e] have BLP. 


Proof: By the fact that L is isomorphic to [e) x [=e) and to (e] x (e|] 
and by: Proposition 13 in the case of 1 and 2, and Proposition 15 in the 
case of 3. 


Definition 2 [5] L is said to be Filt—local iff it has a unique maximal filter. 
L is said to be Id-local iff it has a unique maximal ideal. 


Clearly, the trivial bounded lattice is neither Filt—local, nor Id—local. 
Clearly, L is Filt—local iff its dual is Id—local, that is these two notions are 
dual to each other. 


Example 8 The lattice in Example 2 is Filt—local, with the unique maximal 
filter [c). The one in Example 1 is Id-local, with the unique maximal ideal 


(d. 
Lemma 5 [5] Jf L is non-trivial, then: 
e L is Filt-local iff, for alla,y € L, «Ay =0 implies x = 0 or y = 0; 


e L is Id—local iff, for allaz,yeEL,x«Vy=1 implies x =1 ory =1. 


Corollary 13 [f L is Filt—local or Id-local, then B(L) = {0,1}. 


Corollary 14 L is Filt—local iff L \ {0} € Filt(L) iff L \ {0} € Maxpiy,(L) 
iff Maxeue(L) = (L\ {0}}- 

Dually, L is Id-local iff L \ {1} € Id(L) iff L\ {1} © Maxyg(L) iff 
Maxiq(L) = {L \ {1}}. 
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Remark 19 Any non-trivial bounded chain is both Filt—local and Id-local. 
Indeed, if L is a non-trivial bounded chain, then \ = min in L, from which 
it follows that L is Filt—local by Lemma 5, and V = max in L, from which it 
follows that L is Id-local, again by Lemma 5. 

It is immediate, for instance from Lemma 5, that a direct product of at 
least two non-trivial bounded chains is neither Filt—local, nor Id-local. It is 
straightforward, by Lemma 5, that any Boolean algebra with more than three 
elements is neither Filt—local, nor Id-local. In fact, the two—element chain 
is Filt—local and Id-local, and it is the only Boolean algebra which has either 
of these properties. 


Corollary 15 Jf L is Filt—local, then L has Filt—BLP. 
Dually, if L is Id-local, then L has Id—BLP. 


Proof: Assume that L is Filt—local, and let x,y € L such that x Ay = 0. 
Then « = 0 or y= 0. Assume, for instance, that x = 0. Then, by taking 
e=1and f =0, we get: e, fe B(L), eV f=landrAe=yAf =0. Thus 
L is B-conormal, hence L has Filt-BLP by Proposition 12. 


Remark 20 The converses of the implications from Corollary 15 are not 
valid. Indeed, for instance, if L is a Boolean algebra with more than three 
elements, then L has BLP (thus L has Filt-BLP and Id—BLP), but L is 
neither Filt—local, nor Id-local. Furthermore, if L is a direct product of at 
least two non-trivial chains, then L has BLP (thus L has Filt-BLP and 
Id-BLP), but L is neither Filt—local, nor Id-local. 


Proposition 16 Jf L is Filt—local, then, for any F € Filt(L), B(L/F) = 
{0/F,1/F}. Dually, if L is Id-local, then, for any I € Id(L), B(L/I) = 
{0/I, 1/T}. 

Proof: Assume that L is Filt-local, and let F € Filt(Z). Then, by 


Corollary 13 and Corollary 15, B(L) = {0,1} and F has BLP, thus B(L/F’) = 
B(L)/F = {0/F,1/F}. 


Remark 21 Notice that, in fact, if L is Filt—local, then, for any proper 
filter F of L, L/F is Filt—local, and, dually, the same holds for ideals. Many 
proofs can be given for these facts; they can be proven directly from the 
definitions, or from Corollary 14, or even by using Proposition 17 below. 

Notice, also, that Corollary 15 could have been obtained from Proposition 
16. 
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Proposition 17 The following are equivalent: 

1. If L is Filt—local; 

2. L is non-trivial, L has Filt-BLP and B(L) = {0,1}. 

Dually, the following are equivalent: 

e L is Id-local; 

e L is non-trivial, L has Id-BLP and B(L) = {0,1}. 
Proof: 1=2: By Corollary 15 and Corollary 13. 
2=>1: Assume that L is non-trivial and it has Filt-BLP and 6(L) = {0, 1}. 
Then, by Lemma 4, Proposition 12 and Lemma 5, we get that: L is B— 


conormal, hence, for all z,y € L with «Ay = 0, it follows that x =x2A1=0 
or y=yA1=0, thus L is Filt—local. 


Remark 22 Corollary 15 provides us with a quite productive method to ob- 
tain bounded distributive lattices with Filt-BLP and/or Id—BLP and bounded 
distributive lattices without Filt-BLP and/or Id-BLP. Let us first notice that 
the ordinal sum between a bounded lattice A and the trivial bounded lattice is 
A, and, similarly, the ordinal sum between the trivial bounded lattice and a 
bounded lattice B is B. Now let us analyze the following situations, in which 
the Hasse diagrams for the bounded distributive lattice L are suggested by 
the pictures below: 


1 i 1 
C 
x x x 
ic 
0 0 0 


1. if L is the ordinal sum between two non-trivial bounded distributive 
lattices A and B, then it is immediate, by Corollary 14, that: L is 
Filt-local iff A is Filt-local, and L is Id-local iff B is Id-local; hence, 
according to Corollary 15: if A is Filt-local, then L has Filt-BLP, and, 
if B is Id-local, then L has Id—BLP; 
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2. if L is the ordinal sum between a non-trivial bounded chain C' and a 
bounded distributive lattice B, then, by 1, Remark 19 and Corollary 
15, we get that L is Filt-local, hence L has Filt—BLP; 


3. if L is the ordinal sum between a bounded distributive lattice A and a 
non-trivial bounded chain C, then, by 1, Remark 19 and Corollary 15, 
we get that L is Id-local, hence L has Id—BLP. 


For instance, see Remark 18 and notice that the bounded distributive 
lattice in Example 2 is the ordinal sum between the two—element chain and 
the rhombus, while the one in Example 1 is the ordinal sum between the 
rhombus and the two—element chain. The rhombus is a Boolean algebra, 
which has BLP, thus it has Filt-BLP and Id-BLP, hence, if L is the ordinal 
sum between two bounded distributive lattices A and B, then: Example 1 
shows that, if A has Filt-—BLP, then L does not necessarily have Filt—BLP, 
while Example 2 shows that, if B has Id—BLP, then L does not necessarily 
have Id—BLP. Therefore these strengthenings of the implications from 1 
above do not hold. 
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